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Finally, consideringEqs. (21) and (33), the nonlinear sliding robust
attitude control law becomes

Lb = M T ( Ĵ K D Çx + Ĉ K D x ) ¡ M T k sgn(s) + RBD Ld

+ (RBD x d ) £ Jb x bd ¡ Jb x £
bd RBD x d

+ RBD D Jd Çx d + x £
d D Jd x d (40)

If the selectionof parameterski satisfy the condition(39), then con-
trol law given by Eq. (40) will satisfy the sliding condition (37)
and thus lead to “perfect” tracking in the face of model uncertainty.
However, it is discontinuousacross the surface s(t ) and will result
in control chattering. Chattering is undesirable because it involves
extremely high control activity and may excite high-frequencydy-
namics that were neglected in the course of modeling. Elimination
of the chattering through modi� cation of the switching control law
just derivedhas been discussed in Refs. 8 and 9. Based on these ref-
erences, continuous approximations of the switching control law,
the sgn(.) switching function, is replaced by the sat(.) nonlinear sat-
uration function. The effect of control interpolation in the bound-
ary layer points to assigning low-pass � lter structure to the local
dynamics of the variable s, thus eliminating chattering.8,9

Conclusions
Two attitude state controllers have been designed for tracking of

large-anglemaneuversby applyinga set of relativeattitudekinemat-
ics and dynamics equations,where the attitude is representedby the
relative modi� ed Rodrigues parameters. The designs are the global
asymptoticallystable nonlinear Lyapunov controller and the robust
sliding controller for attitude state tracking. Using relative attitude
state equations to design tracking controller converts the tracking
control problem into a regulator problem and simpli� es the design
procedure.The controllers implementboth attitudepositionand an-
gular velocity tracking. The structure of this controller can also be
used for other relative attitude parameters, such as Rodrigues pa-
rameters, Euler angles, and so on. It can provide a general solution
to state tracking control for rigid-body attitude.
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Introduction

T HERE are many papers on determining minimum-fuel, low-
thrust,Earth–moon trajectories.With regard to recent research,

Kluever and Pierson1 and Herman and Conway2 studied optimal
low-thrust,three-dimensionalEarth–moon trajectoriesfor restricted
three-bodyproblems.Their solutions, like patchedconic orbits with
impulsive maneuvers, are good approximationsto the n-body prob-
lem. The question is how to obtain accurate solutions based on
the approximations for the n-body problem. This Note presents a
targeting method to adjust approximate low-thrust Earth–moon tra-
jectories to satisfy the given requirements.We take an optimal low-
thrust trajectory in the Earth’s gravity � eld as a reference trajectory.
Based on this, the optimal low-thrust Earth–moon trajectory can be
obtained using a differential correction algorithm.

Optimal Low-Thrust Trajectory for Two-Body Problem
As is well known, Earth–moon trajectoriesare easily established

by the impulsivemaneuver for the n-bodyproblem.When the trajec-
tory is set up for the prescribed targeting parameters, the osculating
ellipse at the perigee can be obtainedwith classicalorbital elements
of ae , ee , ie , X e , x e, and Te, the semimajor axis, eccentricity, incli-
nation, longitude of the ascendingnode, argument of periapsis, and
time of periapsis passage, respectively. If we make the spacecraft
enter the osculatingelliptical orbit from the low Earth parking orbit
using the optimal low-thrust vector in the single gravity � eld of the
Earth, it is expected that we should obtain an approximate or ref-
erence optimal thrust Earth–moon orbit transfer under the control
of the thrust in the n-body problem. The equations for the refer-
ence trajectory will be established in perifocal coordinates. Here
the fundamental plane is coplanar with the osculating ellipse. The
origin is located at Earth’s center. The coordinate axes are X x , Y x ,
and Z x . The X x axis points toward the periapsis of the osculating
ellipse; the Y x axis is rotated 90 deg in the direction of the elliptical
motion and lies in the fundamentalplane; the Z x axis completes the
right-handed perifocal system. Let the states for the equations be
x = (r, h , vr , v h )T . They are the radial position, polar angle, radial
velocity, and circumferential velocity, respectively. The equations
and initial conditions are

Çr = vr r(0) = rLEO (1)

Çh = vh / r h (0) = 0 (2)

Çvr = v2
h

r ¡ l / r 2 + aP sin u vr (0) = 0 (3)

Çv h = ¡ (vr vh / r ) + aP cos u vh (0) = l / rLEO (4)

where

aP = P / (m0 ¡ Çmt ) (5)

and the thrust angle u is the control variable, P is the thrust mag-
nitude, aP is the thrust acceleration, l is the gravitational constant,
m0 is the initial spacecraftmass, Çm is the propellantmass � ow rate,
rLEO is the radius of low Earth park orbit, and t is time.
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The objective is to minimize the powered-� ight duration

J = t f (6)

and satisfy

u 1(x f , t f ) = a ¡ ae = 0 (7)

u 2(x f , t f ) = e ¡ ee = 0 (8)

u 3(x f , t f ) = x = 0 (9)

where a, e, and x are the semimajor axis, eccentricity,and argument
of periapsis of the osculating ellipse for the low-thrust trajectory at
the � nal time t f .

The two-dimensional optimal low-thrust steering angle time
history can be obtained using the method in Ref. 3.

Optimal Low-Thrust Earth–Moon Trajectory
for N-Body Problem

Equations of Motion
The equations are described for the n-body problem in the geo-

centric equatorial coordinate frame. The fundamental plane is the
Earth’s equator. The X axis points toward the vernal equinox; the
Y axis is 90 deg to the east in the equatorial plane; the Z axis ex-
tends throughthe northpole. It is assumed that only the gravitational
forces and rocket thrust are considered in the equations.Neglecting
the mass of the spacecraftwith respect to planetary bodies, we have

Çv j = ¡ l j
r j

r3
j

+
i 6= j

l i
ri ¡ r j

j ri ¡ r j j 3
¡

ri

r3
i

+ aP (10)

Çr j = v j (11)

where

aP = (ax , ay , az )
T (12)

r j = (x , y, z)T (13)

v j = (vx , v y , vz )
T (14)

and r j and v j are the spacecraftpositionand velocityvector, respec-
tively, ri is the vector from the center of Earth to the i th body of the
planetary system, l j and l i are the gravitationalparameters of the
Earth and the i th body, and aP is the low-thrust acceleration.As the
spacecraft enters the gravitationalsphere of in� uence of the moon,
similar equationswill be set up in the moon-centercoordinateframe
with axes parallel to those of the geocentric equatorial coordinates.

Transforming the two-dimensional optimal low-thrust vector
from the perifocal to the geocentric equatorial frame, we have

ax

ay

az

= R̃

aP sin u cos h ¡ aP cosu sin h

aP sin u sin h + aP cos u cos h

0

(15)

where R̃ is the rotation matrix from the perifocal to the geocentric
equatorialframe.4 Using the same transformation,we obtain the ini-
tial position and velocity vectors of the spacecraft in the geocentric
equatorial frame:

x(0)

y(0)

z(0)

= R̃

r(0) cos h (0)

r (0) sin h (0)

0

(16)

vx (0)

v y(0)

vz(0)

= R̃

vr (0) cos h (0) ¡ vh (0) sin h (0)

vr (0) sin h (0) + vh (0) cos h (0)

0

(17)

The departure time is obtained by subtracting the powered-� ight
duration t f from the epoch of the insertion point of the osculat-
ing ellipse of the impulsive maneuver Earth–moon trajectory at the
perigee.

With the Eqs. (15–17) and initial time, we can integrateEqs. (10)
and (11), and the optimal low-thrust Earth–moon reference trajec-
tories can be established for the n-body problem in the geocentric
equatorial frame.

Targeting
If we assume that the osculating elliptical orbit is in the neigh-

borhood of the actual Earth–moon trajectory by the impulsive ma-
neuver,we can adjust the optimal low-thrustEarth–moon reference
trajectoryto target the goalswith a differentialcorrectionalgorithm.
A two-dimensionaldifferential correction process was used that al-
lowed two independent and two dependent variables. Select ae and
ee or x e as the independentvariables. The two dependent variables,
B-plane parameters BT and BR, are de� ned in the B-plane because
they respond very ef� ciently to variations in the initial conditions.5

The B-plane is perpendicular to the plane containing the incoming
asymptote S of the approachhyperbolaof the trajectoryand the cen-
ter of the moon. The vectors T and R in the B-plane and are used as
axes.5,6 The T vector is in the lunar orbit plane perpendicularto the
S vector. The R vector is de� ned as the vertical axis in the B-plane
perpendicularto vector T. The BT and BR are the componentsalong
the T and R axes. The method used here sets the targeting parame-
ters as the altitudeand inclinationat perilume,changesthem into the
B-plane parameters,5,6 and uses Newton iteration in the differential
correction process to target the goals.

Numerical Example
We select the altitude1000 § 1 km and inclination90 § 0.5 deg at

perilune as the targeting parameters. The spacecraft characteristics
are taken from Ref. 1. The � xed-thrustmagnitude P is 2942 N, m0

is 100,000 kg, the mass � ow rate is 107.5 kg/h, and the initial low
Earth parking orbit is de� ned by a 315-km-altitude circular orbit.
When ae and x e are taken as the independentvariables, the iteration
results are listed in Table 1, where hm and im are the altitude and
inclinationat perilune,respectively.The � rst row ofTable 1 is for the
optimal low-thrust Earth–moon reference trajectory.The minimum
time of the powered � ight duration for ae and x e as the independent
variables is 2.2410 days. It is in good agreement with Ref. 1 for the
Earth escape stage (2.24 days) for the restricted three-bodyproblem
dynamics. The optimal, low-thrust Earth–moon trajectory in the
geocentric equatorial coordinate frame is shown in Fig. 1; the total
� ight time is about 7.075 days.

Table 1 Iteration results for ae and !e as the independent variables

No. ae , km x e , rad BT, km BR, km hm , km im , deg

1 218969.4 ¡ 2.684964 ¡ 83.86 235.84 853.82 90.84
2 218935.1 ¡ 2.685973 ¡ 27.35 ¡ 38.56 1024.60 90.44
3 218923.0 ¡ 2.685942 ¡ 13.08 ¡ 13.18 1008.60 90.34
4 218917.2 ¡ 2.685943 ¡ 3.04 ¡ 4.25 1002.98 90.28
5 218915.8 ¡ 2.685940 ¡ 1.42 ¡ 1.46 1001.23 90.27
6 218915.2 ¡ 2.685941 ¡ 0.68 ¡ 0.70 1000.75 90.26

Fig. 1 Optimal low-thrust Earth–moon trajectory.
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Conclusions
The paper has studied the optimal low-thrust Earth–moon target-

ing strategy for the n-body problem. First, the optimal, low-thrust
referenceEarth–moon trajectory is established.Then, taking the os-
culatingorbital elements as the independentvariablesand adjusting
theoptimal low-thrust,referenceEarth–moon trajectorywith thedif-
ferential correction algorithm, we achieve the targeting parameters.
The numerical results con� rm the algorithm works successfully.
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Range, Range Rate, and Acceleration
Computation for Inclined

Geosynchronous Orbit
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Nomenclature
i = inclination angle of the geosynchronoussatellite
R = position vector of the geosynchronoussatellite with

respect to a ground location
RG = position vector of the ground location relative to the center

of the Earth
RS = position vector of the geosynchronoussatellite relative to

the center of the Earth
ÇR = velocity vector of the geosynchronoussatellite with

respect to a ground location
ÇRS = velocity vector of the geosynchronoussatellite
r = range of the geosynchronoussatellite with respect to a

ground location
rG = radius of Earth, approximately 6378 km
rS = geosynchronousorbital radius, approximately 42,165 km
Çr = range rate of the geosynchronoussatellite with respect to a

ground location
Çrmax = maximum range rate for all possible ground locations

within the � eld of view of the satellite
Çrmax 1 = maximum range rate for one single ground location
t = time elapsed since passage of satellite from the ascending

node
g = latitude
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h = central angle between satellite and ground unit position
vectors

k = longitudinal displacement from the ascending node
x = angular rate of Earth as well as geosynchronousorbit

Introduction

T HIS Note derives closed-form solutions for range, range rate,
and range acceleration between an inclined geosynchronous

satellite and locations on the ground surface. The motivation of
this exercise is to avoid the complexities of numerical analyses (for
example,in FORTRAN) by insteadusinga simplealgebraicformula
solution amenable for easy use (for example, in spreadsheets). A
practical reason for why this calculation is useful is the need to
know the maximum Doppler shift for devices for communication
gateways as part of the � lter bandpass design speci� cation.

The coordinate system is de� ned. Each ground location is speci-
� edby its latitudeand longitudinaldisplacementfrom the ascending
node. Closed-formequationsfor range, range rate, and range accel-
eration are then given. An expression for maximum possible range
rate is also derived. The resulting solutions are simple algebriac
expressions.

These results are potentially useful for several commercial satel-
lite communicationprograms that employ constellationsof inclined
geosynchronous Earth orbit (GEO) satellites. This calculation has
not been previously published1 ¡ 3 (Wertz, J. R., private communi-
cation).

In ourmodel,we assume theEarth is a perfect sphereand it rotates
at the same angular rate as the Earth. The vectors R, ÇR, RG , RS , and
ÇRS are de� ned in a coordinate system that rotates with the Earth
and are shown in Fig. 1. Its x axis points toward the ascendingnode
and its z axis points toward the north pole.

Range and Its Derivatives
The position vectors of the ground location and the satellite are

as follows:

RG = rG

cos k cos g

sin k cos g

sin g

(1)

RS = rS

1
2
{1 + cos(i ) + [1 ¡ cos(i )] cos(2x t )}

¡ 1
2
[1 ¡ cos(i )] sin(2 x t )

sin(i ) sin( x t )

(2)

R = RS ¡ RG (3)

The range between the ground location and the satellite is given
by

r = r 2
S + r 2

G ¡ 2rSrG A = rS 1 + (rG / rS )2 ¡ 2(rG / rS )A (4)

where

A = 1
2 cos k cos g [1 + cos(i )] + sin g sin(i ) sin( x t )

+ 1
2 cos g [1 ¡ cos(i )] cos( k + 2 x t ) (5)

The ratio of ranges is de� ned as follows:

b = rG / rS (6)

Because the satellite is always above the surface of the Earth,

0 < b < 1 (7)

The range is, therefore, given by

r = rS 1 + b 2 ¡ 2 b A (8)

The velocity vector of the satellite is given by

ÇR = ÇRS = rS x

¡ 1
2
[1 ¡ cos(i )] sin(2 x t )

1
2
{1 + cos(i ) ¡ [1 ¡ cos(i )] cos(2x t )}

sin(i ) cos( x t )

(9)


